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Solidi� ed Layer Growth and Decay Characteristics
During Freeze Coating of Binary Substance
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The process of freeze coating of a binary substance on a continuous moving plate is studied theoretically, taking
into full account the � nite thickness of the plate and the � ow and heat transfer in the two-phase mushy zone
adjacent to the freeze coat. A mathematical model, composed of a system of equations governing the heat transfer
in the plate, the freeze coat region, the two-phase mushy zone that is subdivided into the two-phase packing and the
two-phase dispersed regions, and the melt region, is developed to describe the growth and decay behavior of the
freeze coat on the moving plate. The governing equations, transformed into a dimensionless space to immobilize
the solidus and liquidus interface locations, are solved numerically by an implicit � nite difference method. Eight
dimensionless parameters of the system that control the growth and decay behaviorof the freeze coat are identi� ed,
and their effects on the maximum freeze-coat thickness and the corresponding axial location are determined.

Nomenclature
b = exponent power
C p = speci� c heat, J/(kg ¢ K)
d = half of plate thickness, m
F = solid fraction
Fp = packing limit fraction
k = thermal conductivity,W/(m ¢ K)
m1 = slope of the solidus line
m2 = slope of the liquidus line
Pr = Prandlt number
R1 = wall subcooling dimensionless parameter
R2 = liquid superheatingdimensionless parameter
R3 = freeze coat-to-wall thermal conductivity ratio
R4 = freeze coat-to-wall heat capacity ratio
Ste = Stefan number
T = temperature, K
Tp = temperature corresponding to Fp , K
T0 = inlet plate temperature,K
T1 = solidus temperature corresponding to C1, K
T2 = liquidus temperature corresponding to C1 , K
T1 = ambient liquid temperature, K
U = axial dimensionlessvelocity
U0 = plate velocity, m/s
u = axial velocity, m/s
V = vertical dimensionless velocity
v = vertical velocity, m/s
x = Cartesian coordinate in axial direction, m
y = Cartesian coordinate in vertical direction, m
® = thermal diffusivity, m2/s
1H = latent heat of fusion, J/kg
1p = vertical dimensionless distance corresponding to the

packing limit isotherm
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11 = dimensionless thickness of freeze coat or vertical
dimensionlessdistance corresponding to the solidus
isotherm

11;max = dimensionlessmaximum thickness of freeze coat
12 = vertical dimensionless distance corresponding to the

liquidus isotherm
±p = vertical distance corresponding to the packing limit

isotherm, m
±1 = thickness of freeze coat corresponding to the solidus

isotherm, m
±2 = vertical distance corresponding to the liquidus

isotherm, m
´ = independentsimilarity variable or dimensionless

coordinate in vertical vertical direction
µ = dimensionless temperature
· = equilibrium partition ratio
¹ = dynamic viscosity, kg/(m ¢ s)
[¹] = intrinsic dynamic viscosity
º = kinematic viscosity, m2/s
» = dimensionlesscoordinate in axial direction
»max = dimensionlesscoordinate corresponding to the

maximum freeze-coat thickness
½ = density, kg/m3

! = stretching factor

Subscripts

` = liquid region
m = two-phase mushy region
md = two-phase dispersed region
mp = two-phase packing region
s = freeze coat region
w = wall region

Introduction

A PROCESS involving the formationof a thin solidi� ed layer on
a moving object, referred to as the freeze-coating process, is

considered in this study. The freeze-coatingprocess is an important
thermal manufacturing process. During a line production, the sur-
faces of a plate are � rst cleaned, and the plate is chilled below the
freezing temperature of the coating material. Then, the plate is fed
through a bath � lled with the molten coating material, resulting in
the formationof a thin solidi� ed layer or a freezecoat.Dependingon
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the applications, the freeze coat can be used as a thermal insulator,
electrical insulator, corrosive protector, or � ame retardant.

The process of freeze coating on a semi-in� nite plate has been
studied by many investigators1¡4 for the case of a coating material
made of a pure substance,where the solidi� cation process occurs at
a constant temperatureand the interfacebetween the freezecoat and
the melt is sharp. In the study of Kuiken,1 the wall was assumed to
be isothermal.Kuiken also presentedasymptoticcases for small and
largePrandltnumbers.SeenirajandBose2 studiedthe freeze-coating
problem by assuming the wall temperature to be constant and the
melt at the saturated temperature. Cheung3;4 extended the work of
Seeniraj and Bose2 by accountingfor the effectsof superheatedmelt
and nonisothermal wall.

The freeze-coatingprocess with different � ow arrangements has
also been studied extensively.Rezaian and Poulikakos5 investigated
the effect ofmelt � ow in a directionparallel to an isothermalmoving
plate. Stevens and Poulikakos6 extended the work of Rezaian and
Poulikakos5 by using alloy melt as a coatingmaterial. In their work,
Stevens and Poulikakos assumed that heat conduction is dominant
in the mushy region. In the work of Zhang et al.,7 the plate was
pulled vertically from the alloy bath. The effect of buoyancy was
included in the model. Zhang and Moallemi8 extended the work of
Zhang et al.7 by taking the thermocapillaryeffect into account.

The growth and decay behavior of a freeze coat was investigated
by Cheung and Cha.9 In their work, the � nite difference method
was employed to obtain the maximum thickness of the freeze coat
on a moving cylinder. An experimental veri� cation of the theo-
retical analysis was conducted by Cheung et al.10 using a copper
wire to simulate a moving cylinder and water to simulate a molten
substance.Mahmoud11;12 analyzed the unsteadyfreeze-coatingpro-
cess of a polymeric substanceusing the � nite element method. The
growth and decay behavior of a freeze coat as a function of time
was examined.

Most recently, the process of freeze coatingof a binary substance
on a chilled moving plate was studied by Tangthieng et al.,13 who
took into full account the behavior of the two-phase mushy zone
in the system. In their study, however, the plate was assumed semi-
in� nite in thickness.There was an in� nite heat capacity of the plate
availableso that the freezecoat continuedto grow in the downstream
direction without decay. Under this limiting condition, Tangthieng
et al.13 found the system to admit a similarity solution. The govern-
ing partial differential equations were transformed into a system of
ordinary differential equations, which was then solved numerically
to determine the rate of growth of the freeze coat.

In the present study, the freeze-coatingprocess of a binary alloy
on a moving plate with � nite thickness is investigated,by including
consideration the � nite heat capacity of the wall and the � ow and
heat transfer in the two-phase mushy zone. The governing equa-
tions for � ve separate regions are formulated and transformed into

Fig. 1 Schematic of the freeze-coating system under consideration showing the growth and decay behavior.

a dimensionless form. The � nite difference method is then applied
to solve the transformed equations and to determine the growth and
decay behaviorof the freeze coat. The effects of various controlling
parameters on the variationsof the maximum freeze-coat thickness
and the corresponding location are identi� ed.

Problem Formulation
A schematic of the freeze-coatingsystem under consideration is

shown in Fig. 1. A � niteplatewith a uniformthicknessof 2d initially
at a uniform temperatureT0 is continuouslyfed througha bath � lled
with a binary alloy melt, which is kept at a constant temperatureT1.
The inlet plate temperature T0 is lower than the solidus temperature
T1 of the binary alloy, whereas the bath temperature T1 is higher
than the liquidus temperature T2 of the binary alloy. As the chilled
plate travels through the bath, a freeze coat begins to form on the
surface of the plate and continuously grows along the immersed
distance. Because of a � nite heat capacity of the plate, at a certain
downstreamlocation xmax , the freezecoat would reach its maximum
thickness ±1;max and begin to remelt thereafter, as shown in Fig. 1.
The locations ±1 and ±2 represent the isothermal contours of the
solidus and liquidus temperatures, respectively.

The regionbetween±1 and ±2 is the two-phasemushy zone (Fig. 2)
where the solid and liquid phases can coexist over a range of tem-
peratures, that is, from T1 to T2 . Based on the value of the mixture
viscosity, the mushy zone can be divided into two subregions: the
two-phase packing region and two-phase dispersed region. When
the solid fraction F in the mushy zone is larger than the packing
limit fraction Fp , the dendrites start locking and packing to one an-
other, resulting in the formation of a rigid structure trapping liquid
inside.14;15 The viscosity of this solid structure asymptotically ap-
proaches in� nity.This regionof a solidlikestructure is referredto as
the two-phase packing region. On the other hand, when F is lower
than Fp , the viscosity of the mixture reduces drastically, and the
mixture is able to move relative to the plate. Under forced convec-
tion conditions, the � uid � ow can cause the dendritic structure to
break off.16 The broken dendrites � owing with an interdendrite liq-
uid may behave like a � ow with dispersed suspension. This region
is referred to as the two-phase dispersed region.

To formulate the governing equations for the freeze-coatingpro-
cess, several simplifying assumptions are made: 1) The alloy melt
is assumed to be a Newtonian � uid. 2) The freeze-coating pro-
cess is steady, and the � ow is laminar. Note that the occurrence
of transition-to-turbulent � ow may cause a sudden reduction of the
freeze-coat thickness, which is not desirable during the manufac-
turing process.17 3) A boundary-layerforced convection � ow is as-
sumed in the two-phase dispersed region and the melt region. This
assumption is considered valid because the thickness of the plate
is much smaller than the immersion distance, that is, the length of
the plate in the bath. 4) Physical properties of each phase may be
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Fig. 2 Con� guration of the two-phase mushy zone consisting of the
packing and the dispersed regions.

treated constant. The properties for the mushy zone are taken to be
the weighted average of the physical properties for each individual
phase. However, a separate supplemental equation for the viscosity
of the mushy zone is requiredas discussed later. 5) Local thermody-
namic equilibriumexists such that the value of the solid fractioncan
be directly evaluated from the phase diagram. 6) In the two-phase
dispersed region, the velocity of the broken dendrites and the inter-
dendrite liquid are equal, resulting in the absence of the dispersion
� ux terms in the momentum and energy equation.18 7) During the
solidi� cation process, the constituentconcentrationis constant.Be-
causeof the effect of the main � ow, the rejectedsoluteconcentration
at the liquidus temperature may be washed away and replaced by
the ambient concentration.16;19

With the aforementioned assumptions, the governing equations
with associated boundary conditions for each individual region can
be written as follows.

Wall region .x ¸ 0 and ¡d · y · 0/:

½wCPw
U0

@Tw

@x
D kw

@2Tw

@y2
(1)

x D 0 : Tw D T0 (2a)

y D 0 : Tw D Ts ; kw

@Tw

@y
D ks

@Ts

@y
(2b)

y D ¡d : kw

@Tw

@y
D 0 (2c)

Freeze-coat region .x ¸ 0 and 0 · y · ±1/:

½s CPs U0
@Ts

@x
D ks

@2Ts

@y2
(3)

x D 0 : ±1 D 0 (4a)

y D 0 : Ts D Tw; ks
@Ts

@y
D kw

@Tw

@y
(4b)

y D ±1 : Ts D T1;
@Ts

@y
D

@Tmp

@y
(4c)

Two-phase packing region .x ¸ 0 and ±1 · y · ±p/:

U0
@Tmp

@x
D ®m

@ 2Tmp

@y2
C 1Hm

CPm

U0
@ F

@x
(5)

x D 0 : ±p D 0 (6a)

y D ±1 : Tmp D T1;
@Tmp

@y
D @Ts

@y
(6b)

y D ±p : Tmp D Tp;
@Tmp

@y
D @Tmd

@y
(6c)

Two-phase dispersed region .x ¸ 0 and ±p · y · ±2/:

@umd

@x
C @vmd

@y
D 0 (7)
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@y
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@Tmd
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³
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@x
C vmd

@ F

@y
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(9)

x D 0 : ±2 D 0 (10a)

y D ±p : umd D U0; vmd D 0; Tmd D Tp

@Tmd

@y
D

@Tmp

@y
(10b)

y D ±2 : umd D u`;
@umd

@y
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@y
; vmd D v`

Tmd D T2;
@Tmd

@y
D @T`
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(10c)

Melt region .x ¸ 0 and y ¸ ±2/:

@u`

@x
C @v`

@y
D 0 (11)

u`

@u`

@x
C v`

@u`

@y
D º`

@2u`

@y2
(12)
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@T`

@ x
C v`

@T`

@y
D ®`
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@y2
(13)

x D 0 : u` D 0; T` D T1 (14a)

y D ±2 : u` D umd ; v` D vmd ;
@u`

@y
D @umd

@y

T` D T2;
@T`

@y
D @Tmd

@y
(14b)

y ! 1 : u` D 0; T` D T1 (14c)

The latent heat term involving 1Hm is included in the last term of
Eqs. (5) and (9). Because of the absence of a vertical component of
the velocity in the two-phasepacking region, the latent heat effect is
restrictedto that in theaxialdirectiononly.On thecontrary,the latent
heat effect is two dimensional in the two-phase dispersed region.
Note that the governingsystemfor the two-phasepackingregioncan
be obtained from that for the two-phase dispersed region by setting
umd D U0 and vmd D 0, where Eqs. (7) and (8) are automatically
satis� ed on both sides and Eq. (9) becomes identical to Eq. (5).
The boundaryconditionsat the interfacebetween each two adjacent
regions result in a strong coupling of the equations governing the
� ve distinct regions. The interface between the two-phase packing
and two-phase dispersed region is located at ±p , corresponding to
the packing limit fraction Fp and the packing limit isotherm Tp .

To close the system of equations, an expression for the solid
fraction in terms of the local temperature is needed, which can be
obtained from the phase diagram. When the solidus and liquidus
points are approximatedby straight lines,20 a typical phase diagram
of a binary alloy can be represented in Fig. 3. The shaded area
in Fig. 3 represents the isomorphous (or complete soluble) region,
whereas the remaining area is the region with the formation of the
eutectic structure during the solidi� cation process. In the present
study, the freeze-coating process is restricted to the isomorphous
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Fig. 3 Phase diagram for a binary substance considered in the present
study.

region in which the solid fraction can be derived by applying the
lever rule:

F D
T2 ¡ Tm

.T2 ¡ Tm/ C ·.Tm ¡ T1/
(15)

where Tm is the local temperature of the two-phase mushy zone
(including both the two-phase packing and two-phase dispersed re-
gions) and · is the equilibrium partition ratio de� ned as the ratio of
the slope of the liquidus line to that of the solidus line. Note that the
solid fraction depends not only on the local temperature Tm but also
on the value of · . For the special case of · D 1, the solid fraction is
simply given by F D .T2 ¡ Tm/=.T2 ¡ T1/.

The properties of the two-phase packing and dispersed regions
(representedby subscriptm), includingthedensity,speci� c heat,and
thermal conductivity, are calculated by taking an average over the
properties of each individual phase weighted by the solid fraction,
that is,

½m D [.1 ¡ F/=½` C F=½s]
¡1 (16)

CPm D .1 ¡ F/CP`
C FCPs (17)

km D .½m =½`/.1 ¡ F /k` C .½m=½s/Fks (18)

The variations of the thermal properties of the two-phase mixture
in the mushy zone are of secondary importance as compared to the
variation in the viscosity. To minimize the number of parameters,
the density, speci� c heat, and thermal conductivity of the freeze
coat and the melt are treated to be the same. As a result, the thermal
properties of the two-phase mushy zone are no longer a function of
the solid fraction and have the same values as those of the freeze
coat and the melt.

On the other hand, the viscosity of the two-phase dispersed re-
gion is modeled as the viscosity of dispersions (see assumption 6).
Einstein21 was the � rst to derive analytically an expression for the
viscosity of dispersed spherical particles as a function of solid frac-
tion and intrinsicviscosity.He showed that the value of the intrinsic
viscosity asymptoticallyapproached2.5 for a dilute solution.To in-
clude the effect of high concentrationand maximum packing limit,
Krieger and Daugherty22 theoreticallyderivedan expressionfor the
viscosity of dispersions, which can be written as follows:

¹m D ¹`.1 ¡ F=Fp/¡[¹]Fp (19)

In terms of the kinematic viscosity, the preceding expression
becomes

ºm D º`.1 ¡ F=Fp/¡[¹]Fp (20)

where Fp is the maximum packing limit. Equation (19), veri� ed
experimentally by Krieger,14 is known as the Krieger–Daugherty

equation. The value of Fp may vary from 0.5 to 0.75 depending on
the structure of the two-phase mixture.23 Equations (15) and (20)
provide a closure for the system of equations for the two-phase
dispersed region.

Solution Methodology
Coordinate Transformation

The system of equations, that is, Eqs. (1–15) and (20), is solved
numerically by using a fully implicit � nite difference method with
the secant iterative technique. To facilitate the computation proce-
dure, coordinate transformationfrom the physicaldomain to a com-
putation domain is invoked. The purpose of the transformation is to
� x the interfacebetween any two adjacent regions.24 The following
new coordinateaxes and new independentvariables are introduced.

Wall region:

» D x®s

¯
U0d2; ´w D y=d; µw D .Tw ¡ T0/=.T1 ¡ T0/

(21)

where » ¸ 0; ¡1 · ´w · 0, and 0 · µw · µw.0/ D µs.0/.
Freeze-coat region:

» D x®s

¯
U0d2; 11 D ±1=d; ´s D y=±1 D y=11d

µs D .Ts ¡ T0/=.T1 ¡ T0/ (22)

where » ¸ 0, 0 · ´s · 1, and µw .0/ D µs.0/ · µs · 1.
Two-phase mushy region:

» D
x®s

U0d2
; 12 D ±2

d

´m D 1 C
y ¡ ±1

±2 ¡ ±1
D 1 C

y ¡ 11d

.12 ¡ 11/d
; Um D

um

U0

Vm D vm d

®s
; µm D 1 C

Tm ¡ T1

T2 ¡ T1

(23)

where » ¸ 0; 1 · ´m · 2, U`.2/ D Um .2/ · Um · 1; 0 · Vm ·
Vm .2/ D V`.2/, and 1 · µm · 2.

Melt region:

» D x®s

¯
U0d2

´` D 3 ¡ exp[!.1 ¡ y=±2/] D 3 ¡ exp[!.1 ¡ y=12d/]

U` D u`=U0; V` D v`d=®s; µ` D 2 C .T` ¡ T2/=.T1 ¡ T2/

(24)

where » ¸ 0; 2 · ´` · 3; 0 · U` · U`.2/ DUm.2/; V` ¸ V`.2/ D
Vm (2), and 2 · µ1 · 3.

Because the governing equations for the two-phase packing re-
gion can be obtained from those for the two-phase dispersed re-
gion, in the computationaldomain these two domains are combined
together by using the same independent and dependent variables.
Note that in Eq. (24) the exponentialrelation is applied to transform
the semi-in� nite domain in the melt region into a � nite one.25 The
quantity ! is a stretching factor, which represents how much the ´
coordinate has been stretched in the melt region. A larger value of
! will provide a clustered grid near the interface,whereas a smaller
one will further stretch the grid. The value of ! used in the present
computer program is between 0.1 and 0.5.

WhenEqs. (21–24)are substitutedintoEqs. (1–14), thegoverning
equations in the computational domain can be written as follows.

Wall region (» ¸ 0; ¡1 · ´w · 0/:

@2µw

@´2
w

¡
R3

R4

@µw

@»
D 0 (25)
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» D 0 : µw D 0 (26a)

´w D 0 : µ w D µs; 11
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Freeze-coat region (» ¸ 0; 0 · ´s · 1/:
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Melt region (» ¸ 0;2 · ´` · 3/:
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@µ`
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The expression for the solid fraction [Eq. (15)] becomes

F D 2 ¡ µm

.2 ¡ µm/ C ·.µm ¡ 1/
(37)

Eight dimensionlessparameters have been identi� ed as the control-
ling parametersof the freeze-coatingprocess. These parameters are
the wall subcoolingparameter R1, the melt superheatingparameter
R2 , the freeze coat-to-wall thermal conductivityratio R3 , the freeze
coat-to-wallheatcapacityratio R4, thePrandtlnumberPr, theStefan
number Ste, the equilibrium partition ratio · , and the exponent b in
Eq. (20), that is,

R1 D
T1 ¡ T0

T2 ¡ T1
; R2 D

T1 ¡ T2

T2 ¡ T1
; R3 D

ks

kw

R4 D ½s CPs

½wCPw

; Pr D º`

®`

; Ste D
C pm .T2 ¡ T1/

1Hm

· D
m2

m1
; b D [¹]Fp D 2:5Fp (38)

Note that, in recent years, many investigators7;8;18 have proposed
and solved full � eld models for binary solidi� cation using � nite
volume or � nite element techniques. Transitions from one region
to another are handled implicitly by property variations as func-
tions of temperature and volume fraction. From a computational
point of view, this single-domain approach is very attractive be-
cause it greatly simpli� es the numerical solution procedure.Never-
theless, the presentcomputationalmethod is chosen because it facil-
itates the determination of the effects of the controlling parameters
on the growth and decaycharacteristicsof a freezecoat in an explicit
manner.

Finite Difference Analysis

To formulate the � nite difference equations for the governing
system,a fully implicitscheme is employedto eliminate the stability
constraint.These equations can be written in a general form as

@ 2’r

@´2
r

C Kr
@’r

@´r

¡ Lr
@’r

@»
D 0 (39)
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where subscript r refers to a given region, ’ represents U or µ for
that region, and Kr and Lr are linearized coef� cients in front of
the derivative terms. The central difference and forward difference
formulas are applied to the derivative term in the ´ and » directions,
respectively:

@2’r

@´2
r

¼
’

´r C 1
r;» C 1 ¡ 2’

´r
r;» C 1 C ’

´r ¡ 1
r;» C 1

1´2
r

;
@’r

@´r
¼

’
´r C 1
r;» C 1 ¡ ’

´r ¡ 1
r;» C 1

21´r

@’r

@»
¼

’
´r
r;» C 1 ¡ ’

´r
r;»

1»
(40)

Substituting these � nite difference formulas into Eq. (39) and rear-
ranging unknowns to the left-hand side yields³

1 C 1´r
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´
’
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r;» C 1 D ¡

1´2
r

1»
L r ’

´r
r;» (41)

For a node located at the interface, its adjacent nodes lie on two
different regions, which are governed by the following differential
equations:

@2’

@´2
r 1

C Kr1
@’

@´r 1
¡ Lr1

@’

@»
D 0 (42)

@2’

@´2
r 2

C Kr2
@’

@´r 2
¡ Lr2

@’

@»
D 0 (43)

where subscripts r1 and r2 represent the two adjacent regions. The
additional � ux condition at the interface is generally written as

Mr1
@’

@´r1
D Mr2

@’

@´r 2

(44)

where M is the coef� cient appearing in the � ux condition. When
the Taylor’s series expansion with the method of weight residual is
applied and combined with the � ux condition at the interface, the
following � nite difference equation for a node located at a given
interface is obtained:
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On the other hand, an explicit scheme is adopted to obtain the
� nitedifferenceequationsfor the continuityequations(29)and (33).
The general form of the continuity equations can be written as
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D 0 (46)

The � nite difference formulas for the derivative terms are given by
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Substituting the preceding formulas into Eq. (46) and rearranging
the equation gives
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From assumption 3, the boundary-layer-type equations can be
numerically solved by marching through a timelike coordinate. A
well-posed initial condition is necessary to start the algorithm. The
actual initial condition in the physical system is at » D 0, where
11 and 12 are zero. However, this initial condition provides some
dif� culty with the computational algorithm due to the singularity
behavior at » D 0. An alternative approach is to � nd a solution at
a suf� ciently small value of » , for example, »0, where ±1 and ±2

remain very thin relative to the half plate thicknessd . It follows that
for » · »0 the wall region can be treated as a semi-in� nite domain.
The freeze-coatingsystemfor a semi-in� nite plate has been recently
investigated by Tangthieng et al.,13 who, for the limiting case of
an in� nite wall capacity, found the system to admit a similarity
solution. The similarity solution presented by Tangthieng et al.13 is
employed in this study to obtain an alternate initial conditionfor the
� nite difference scheme.

For a given set of parameters given by Eq. (38), the primary un-
known quantities U , V , µ , 11 , 12 , d11=d» , and d12=d» can be
computed from the � nite difference equations.Once a value of »0 is
chosen and the initial condition is determined, the values of U , V ,
and µ at the next » location,for example, »0 C 1» , can be calculated
by solvingthe momentum, continuity,and energyequations,respec-
tively.For themomentumandenergyequations(25), (27), (30), (31),
(34), and (35), the values of linearized coef� cients in Eq. (39) can
be calculated by using the values at the »0 location. This method
is referred to as the lagging coef� cient technique, which is com-
monly used in solving a nonlinear problem.26 Note that a system of
linear algebraic equations formulated from Eq. (39) will lead to a
tridiagonal matrix, which can be solved by employing the Thomas
algorithm. An iterative method is utilized to update the values of U
and µ until the solution converges. A residual of a solution vector,
de� ned by a uniform vector norm, must be less than 10¡7. For the
continuity equations (29) and (33), the value of V can be explicitly
obtained by Eq. (48).

The values of 11 and 12 at the » C 1» location is estimated in
terms of the values of 11 , 12, d11=d» , and d12=d» at the previous
» location. Thereafter, the estimated values of d11=d» and d12=d»
at the » C1» locationare determinedby the followingsecond-order
� nite difference formulas:

@11

@»

­­­­
» C 1»

¼
311j» C 1» ¡ 411j» C 11j» ¡ 1»

1» 2
(49)

@12

@»

­­­­
» C 1»

¼ 312j» C 1» ¡ 412j» C 12j» ¡ 1»

1» 2
(50)

The secantiterativetechniqueis implementedto updatethe valuesof
11 and 12 until the matching conditions at the solidus and liquidus
temperatures, that is, µs.1/ D µm.1/ D 1 and µm .2/ D µ`.2/ D 2, are
satis� ed. The convergence criteria for these two conditions are set
equal to 10¡7 . After all convergence criteria are satis� ed, the pro-
gram will move to the next » location and march forward until the
value of 11 reaches the maximum.

A baselinecase, that is, R1 D 5, R2 D 1, R3 D 1, R4 D 1, Pr D 0:1,
Ste D 0:1, · D 0:3, and Fp D 0:6, has been chosen to examine the
grid independency of the solutions. The effects of the step size in
the » and ´ directions(1» and 1´, respectively), the initial location
»0 , and the stretching factor ! were investigated to verify the nu-
merical accuracy of the results. It was found that for 0.1 · ! · 0.5,
1» < 0.2% of » , 1´ < 0.005 in each of the transformed regions,
and »0 < 0.01 the numerical solutions are independent of the grid
structure. Note that, in the present study, the value of 1» is varied
relative to the local value of » to optimize the CPU time. With the
use of a proper set of 1» , 1´, »0, and !, the relative error in the
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computed results, that is, »max and 11;max , is found to be less than
0.05%.

Results and Discussion
The velocity and temperature pro� les for the baseline case at

three different downstream locations, » D 0:01, 0.1, and 0.34, are
shown in Fig. 4, where the locations y=d D ¡1 and 0 correspond
to the center and the surface of the plate, respectively.At » D 0:01,
the inner portion of the plate remains at its inlet temperature T0

because the thermal wave has not yet penetrated through the plate.
At this location, the plate can be treated as semi-in� nite. At » D 0:1,
on the other hand, the thermal wave has already penetrated through
the entire thickness of the plate. The local temperature at the center
of the plate is above its inlet temperature. It increases considerably
in the downstream direction as » is increased from 0.1 to 0.34. The
thermal boundary-layer thickness in the melt region also increases.
Meanwhile, the local velocity has the constant value of U0 from
the center of the plate to the outer edge of the two-phase packing
region, but beyond that point, it decreases to zero toward the edge
of the momentum boundary layer in the melt region. Note that the
momentum boundary layer is considerablythinner than the thermal
boundarylayerbecausethePrandtlnumberis small, that is,Pr D 0:1,
for the baseline case.

The axial variations of the dimensionless thicknesses, 11 , 1p ,
and 12 for the baselinecase, are shown in Fig. 5. In Fig. 5, the � nite

Fig. 4 Velocity and temperature pro� les at different axial locations for
the baseline case.

Fig. 5 Axial variation of the dimensionless freeze-coat thickness: com-
parison between the � nite difference solution and the small-» similarity
solution.

Fig. 6 Variations of the maximum freeze-coat thickness and the cor-
responding location with the wall subcooling parameter and the freeze
coat-to-wall conductivity ratio.
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difference solutions are compared with the similarity solutions for
the limiting case of a semi-in� nite wall,13 for which the wall capac-
ity is in� nite, and as a result, 11 , 1p , and 12 grow monotonically
accordingto

p
» . On the other hand, for a � nite plate, the freezecoat

exhibits a growth and decay behaviorbecauseof a � nite heat capac-
ity of the plate. The freeze coat grows at � rst, reachs a maximum
thickness at »max D 0:34, and then starts to decay, being completely
remelted at » D 0:72. The maximum freeze-coat thickness is ap-
proximately 5% of the half-plate thickness. Note that, because of
the growth of the thermal boundary layer, both 1p and 12 continue
to increaseeven though 11 is decreasing in the decay regime where
» > 0:34. From Fig. 5, it can be seen that, for » < 0:15, there is very
little differencebetween the results obtained by the � nite difference
and the similaritymethods.This furtherdemonstratesthat the use of
the small-» solution as an initial condition for the � nite difference
scheme is valid.

Figure 6 shows the variations of 11;max and »max with the wall
subcooling parameter R1 and the freeze coat-to-wall thermal con-
ductivity ratio R3 . For a given R3 , both 11;max and »max increase as
R1 is increased. It is obvious that the larger is the value of R1 , the
more cooling is provided by the wall, leading to larger maximum
freeze-coatthicknessand the correspondingaxial location.When R1

is less than a certain value, no freeze coat is formed. For a given R1,
11;max decreases with increasing R3, whereas »max increases with
increasing R3. Physically, under the same cooling condition, a wall
material with a lower conductivity will conduct less heat through

Fig. 7 Variations of the maximum freeze-coat thickness and the cor-
responding location with the wall subcooling parameter and the freeze
coat-to-wall heat capacity ratio.

the wall. As a result, a thinner freeze coat is produced.Also, it will
take a longer time for a freeze coat to reach the maximum thickness,
leading to a larger value of »max . Note that, as R3 approaches zero,
an asymptotic behavior is obtained, corresponding to the case of
maximum freeze-coat thickness that can be formed under a given
set of cooling conditions.

Figure 7 shows the variations of 11;max and »max with the wall
subcooling parameter R1 and the freeze coat-to-wall heat capacity
ratio R4: For a given R4, 11;max and »max increase with increasing
R1 , similar to the behavior shown in Fig. 6. On the other hand, for
a given R1, 11;max and »max increase with decreasing R4. As R4

is decreased, the heat capacity of the wall becomes larger, leading
to larger value of 11;max and »max . A comparison of Figs. 6 and 7
indicates that 11;max and »max is more sensitive to the change of
R4 than that of R3. Thus, the heat capacity ratio R4 plays a more
signi� cant role in the maximum thickness of the freeze coat under
the same cooling conditions.

The effects of the wall subcooling parameter R1 and the Stefan
numberSteon 11;max and »max are shown in Fig. 8. As expected,for a
given Stephan numberSte, 11;max , and »max increasewith increasing
R1 . On the other hand, for a given R1, 11;max and »max increase as
Stephan number is increased. A material with a smaller latent heat
of fusion, that is, a larger Stefan number, will need to release less
heat to the wall to form the same amount of freeze coat. Under the
same cooling conditions, a thicker freeze coat will form as Stephan
number is increased, leading to a larger value of 11;max . Note that

Fig. 8 Variations of the maximum freeze-coat thickness and the cor-
responding location with the wall subcooling parameter and the Stefan
number.
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Fig. 9 Variationsof the maximumfreeze-coat thickness and the corre-
spondinglocationwith the melt superheating parameterandthe Prandtl
number.

»max also becomes larger because it would take longer distance for
the freeze coat to reach its maximum thickness.

Figure 9 shows the variations of 11;max and »max with the melt
superheatingparameter R2 and the Prandtl number Pr. For a given
Prandtl number Pr, both 11;max and »max decrease with increasing
R2 . As the degree of liquid superheating is increased, more heat
from the warm liquid will be convected to the freeze coat, leading
to smaller values of 11;max and »max. Note that no freeze coat would
form if R2 exceedsa certain value. In contrast, for a saturated liquid,
that is, R2 approacheszero,11;max and »max asymptoticallyapproach
their upper limits. For a given R2 , on the other hand, 11;max and »max

increase with decreasing Prandlt number. This is expected because
the convectiveheat transfer coef� cient is smaller for a liquid with a
smallerPrandlt number.The asymptoticbehaviorof a large-Prandlt-
number liquid (Pr > 10) also can be seen in Fig. 9. Note that the
effect of Prandlt numberon 11;max and »max is considerablyless than
that of R2 .

Figure 10 shows the variations of 11;max and »max with the melt
superheatingparameter R2 and the equilibriumpartition ratio · . For
a given · , 11;max and »max decreasewith increasing R2 , similar to the
behavior shown in Fig. 9. On the other hand, for a given R2 , 11;max

and »max increase with increasing · . As can be seen from Eq. (37),
the amount of the solid fraction in the mushy region decreases as
· is increased. As a result, under the same cooling condition, more
heat will be removed from the freeze coat to the plate, and a thicker
layer of the freeze coat will be formed. When the results presented

Table 1 Variations of the maximum freeze-coat
thickness and the corresponding location with the

packing limit fraction for the baseline case

Fp »max 11;max

0.50 0.3399 0.05645
0.55 0.3403 0.05664
0.60 0.3407 0.05683
0.65 0.3411 0.05701
0.70 0.3415 0.05720
0.75 0.3419 0.05740

Fig. 10 Variations of the maximum freeze-coat thickness and the cor-
responding locationwith the melt superheating parameterand the equi-
librium partition ratio.

in Figs. 9 and 10 are compared, it can be seen that 11;max and »max

are more sensitive to the change of · than that of Prandlt number.
The dependence of 11;max and »max on the packing limit Fp has

been evaluated as shown in Table 1. It is found that, as the value of
Fp is increasedfrom0.5 to 0.75, the valuesof11;max and »max change
only slightly. Hence, 11;max and »max can be considered insensitive
to the variation of Fp . This result is consistent with that reported
previously for the special case of an in� nite wall thickness.13

The results on the growth and decay characteristics of a freeze
coat should be useful for a designer to select the optimum operating
conditionsfor the freeze-coatingprocess.For givenbinarysubstance
and wall material, appropriate immersion distance, inlet tempera-
ture, liquid bath temperature, and speed of the plate can be chosen
to obtain the desired thicknessof the freezecoat. Experimentaldata,
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however, are needed to con� rm the range of validity of the present
model.

Conclusions
The processof freezecoatingof a binarysubstanceona � niteplate

has been investigated numerically by a � nite difference method.
Based on the numerical results obtained in this study, the following
conclusions can be made:

1) The growth and decay behavior of the freeze coat depends on
eight dimensionlesscontrollingparametersof the system. These are
the wall subcoolingparameter, the melt superheatingparameter, the
freeze coat-to-wall thermal conductivity ratio, the freeze coat-to-
wall heat capacity ratio, the Prandtl number, the Stefan number, the
equilibrium partition ratio, and the packing limit fraction.

2)The maximumfreeze-coatthicknessincreasesas either the wall
subcooling parameter, the Stefan number, or the equilibrium parti-
tion ratio is increased. However, the maximum freeze-coat thick-
ness decreases as either the melt superheatingparameter, the freeze
coat-to-wall thermal conductivityratio, the freeze coat-to-wall heat
capacity ratio, or the Prandtl number is increased. In the meantime,
the corresponding axial location »max increases as either the wall
subcooling parameter, the freeze coat-to-wall thermal conductiv-
ity ratio, the Stefan number, or the equilibrium partition ratio is
increased. On the other hand, »max decreases as either the melt su-
perheating parameter, the freeze coat-to-wall heat capacity ratio, or
the Prandtl number is increased.

3) If the wall subcoolingparameter is suf� ciently low or the melt
superheating parameter is suf� ciently high, the freeze coat would
not form due to insuf� cient cooling for latent heat removal from the
melt to the moving plate.

4) An asymptotic behavior of the freeze coat is observed when
either the melt superheatingparameter approaches zero, that is, for
a saturated liquid, the freeze coat-to-wall thermal conductivityratio
approaches zero, that is, for a highly conductive plate, or the melt
Prandtl number becomes very large, that is, Pr ¸ 10.

5) The maximum freeze-coatthicknessand the correspondingax-
ial location appear to be more sensitive to the change of the freeze
coat-to-wall heat capacity ratio than that of the freeze coat-to-wall
thermalconductivityratio.Whereasthemaximumfreeze-coatthick-
ness is very sensitive to the change of the melt superheatingparam-
eter and the Stefan number, the correspondingaxial location is less
sensitive to the variations of these two parameters. Both the max-
imum freeze-coat thickness and the corresponding axial location
appear to be insensitive to the change of the packing limit fraction
over the anticipated range of 0.5 · Fp · 0.75.
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